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Asjanptotic  normality  of  a  class  of  one  sample  Chernoff -Savage  [ l]  type  of 
rank  order  statistics  has  been  established  by  Govindarajulu  [2],   His  proof 
appears  to  be  quite  lengthy  and  cumbrous.   The  object  of  this  note  is  to  pro- 
vide a  greatly  shortened  and  simplified  proof  of  the  same  theorem. 

1.   INTRODUCTION 

Let  X, ,  . . . ,  X  be  n  independent  and  identically  distributed  random  variables 
1    '  n 

(i.i.d.r.v.)  having  an  absolutely  continuous  cumulative  distribution  function 

(cdf)  F(x),  defined  on  the  real  line  (-»  <  x  <  <»] .   Let  Z    be  equal  to  1  if 

the  a-th  smallest  observation  among  the  values  of  |X.|,  i  =  1, ...,n,  is  from  a 

positive  X  and  let  Z    be  equal  to  zero,  otherwise,  (for  a=l,...,n).   By  virtue 

n,a  7        7  J 

of  the  assumed  continuity  of  F(x),  the  possibilities  of  ties  among  the  observa- 
tions [X.|,  i=l, ...,n  and  of  some  of  thera  being  exactly  equal  to  zero  may  be 
ignored,  in  probability.   We  shall  be  concerned  with  the  Chernoff -Savage  [ l] 
type  of  one  sample  rank  order  statistics  which  may  be  expressed  as 

1   "^ 
(1.1)  T  =  -  L   Z    E    , 

n   n    ,   n,a  n,a 
ofI   '    ' 

where  E    =  J  (a/(n+l]),\  a=l,  ...,n  are  functions  of  the  ranks  a(=l,  ...,n)  and 

are  explicitly  known.   We  are  interested  in  the  asymptotic  normality  of  the 

standardized  form  of  T  ,  for  any  arbitrary  F(x).   The  only  theorem  of  this  note 
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will  be  presented  in  the  next  section,  while  here  we  consider  tlie  preliminary 

notions  and  regularity  conditions. 

The  function  J  (u)  is  defined  only  at  u  =  — — r  ,  ar=l,  ..,,n,  but  we  may 

extend  its  domain  of  definition  to  (0,1)  by  letting  it  have  constant  values 

over  [-^  ,  ~Tt)^  0^=1,  ...,n.   Further,  we  define 
n+1   n+1 

(1.2)  F  (x)  =  -  (Number  of  X  <  x)  ; 


(1.3)  H  (x)  =  -  (Number  of  I X  I  <  x)  =  F  (x)  -  F  (-x); 

nn  'a'—       n       n 

(1.4)  H(x)  =  F(x)  -  F(-x). 


Concerning  J  (u)  we  then  assume  (following  [1,3])  that 

(I)   ^™  J  (u)  =  J(u)  exists  for  0  <  u  <  1  and  is  not  a  constant; 
n"*w   n 


(II)    /   (J  [-XT  H  (x)]  -  JL-Jr  H  (x)]}  dF^(x)  =  o  (n"2) ;   and 

-•'    n  n+1  n        n+1  n        n  p 

*(III)   J(u)  is  absolutely  continuous  for  0  <  u  <  1  and 

|j^^\u)|  =  1-^  J(u)|  <  K{u(l-u)}"2"^+^,  for  i=0,l,2, 
du 

where  K  is  some  constant  and  5  >  0. 


2.   THE  MAIN  THEOREM 


We  rewrite  T  as 
n 


(2-1)     Tn=/  V^V-)^  ^V->' 


*  In  the  proof  of  the  main  theorem  we  shall  not  use  the  second  derivative  of 
J(u).   However,  this  condition  appears  to  be  essential  for  the  proper  use 
of  some  well-known  scores  (e.g.,  normal  scores  etc.),  and  hence,  we  prefer 
to  include  this  condition  explicitly,  with  a  note  that  for  some  simple 
scores  this  is  not  essential. 


and  define 


(2.2)  H„  =   /  J[H(x)]  dF(x); 

0 

(2.3)  a^=  2[    //   F(x)[l-F(y)]  J«[H(x)]  J'XH(y)]  dF(-x)  dF(-y) 

0<x<y<oo 


+    //   F(-y)[l-F(-x)]  J'[H(x)]  J'[H(y)]  dF(x)  dF(y) 
0<x<y<oo 

00  00 

-  /  /  F(-x)[l-F(y)]  J'[H(x)]  J'[H(y)]  dF(x)  dF(-y)]. 
0  0 


THEOREM  2.1.   For  any  absolutely  continuous  cdf  F(x),  under  the  conditions 
(I),  (II)  and  (III). 

nt^tAv.„]/a^<x]=  (Zrr)-i  /  e"^^'  dt, 

-00 

provided  a     ¥   0. 
i n  ' 

PROOF.   Writing  F  (x)  =  F(x)  +  [F  (x)  -  F(x)],  making  use  of  condition  (II) 
and  finally  by  expansion  of  JC~rr   H  (x)]  around  J[H(x)],  we  get  after  little 
simplification  that 


(2.4)     T  =  ji  +  B,   +  B_   +  E   C.  , 

n    n    In    2n   .  ,   m' 

1=1 


where  ]i      is  defined  by  (2.2)  and 


(2.5)  B^^  =  /  J[H(x)]  d[F^(x)  -  F(x)], 

00 

(2.6)  B,  =  /  [H  (x)  -  H(x)]  J'[H(x)]  dF(x), 

2n   Q   n 

<2-7)      Sn=^f  V-)  •^•f«<^>^  ^V^)^ 


(2.8)  C^^  =  /  [H^(x)  -  H(x)]  J'[H(x)]  d[F^(x)  -  F(x)], 

00 

(2.9)  C_   =  /  {J[-^  H  (x)]  -  J[H(x)]  -  [-^   H  (x)  -  H(x)]  J«[H(x)]}  dF  (x), 

3n   i    n+1   n  n+1   n  n   ' 

(2.10)  C^„  =  AjJ^  \(k))  -  31^  H„W])dF^(x). 


The  term  u   is  finite  by  condition  (III),  while  C.   (i=l,2,3,4)  are  all 
n  in     '    ' 

o  (n  2)   the  proof  being  exactly  same  as  in  [3].   Thus,  we  require  only  to  show 
P 

that  n^T  B.   +  B^  ]  has  asymptotically  a  normal  distribution  with  zero  mean  and 
In    2n 

variance  a^,  defined  by  (2.3).   Now,  integrating  B   by  parts  and  adding  B-   to 
it,  we  obtain 

00 

(2.11)  B,   +  B„   =  /  [F  (x)  -  F(x)]j'[H(x)]  dF(-x) 

In    2n   ^   n 


/  [F^(-x)  -  F(-x)]  J'[H(x)]  dF(x). 


1   " 
=  ^   E   B(Xj,(Say,), 

ar=l 


where 


(2.12)     B(X)  =  /  [F.(x)-F(x)]J»[H(x)]dF(-x)  -  /  [F  (-x)-F(-x)]J'[H(x)]dF(x), 
0  0 


F  (x)  being  the  empirical  cdf  in  a  sample  of  size  1.   By  an  application  of 
Fubini's  theorem  (cf  [4],  p.  135),  it  is  easily  seen  that 


(2.13)  E  rB(X)]  =  0  and  E  rB(X)]2  =  a^,   defined  by  (2.3) 

r  r  n 

Also,  by  condition  (III),   E  |  B(X)  |      <  oo,  for  some  6  >  0, 


and  hence  a^  <  °°.      Since  a^   is  assumed  to  be  positive,  and  by  (2.11),  B,   +  B„ 
n  n  '  '^   In    2n 

is  the  average  of  n  i.i.d.r.v. »s  having  zero  mean  and  variance  a^  >   0,  the 

n 

1 

asymptotic  normality  of  n2[B,   +  B_  ]  readily  follows  from  the  classical  central 

In    ^n 

limit  theorem,  under  Lindeberg's  condition  (cf.  [4],  p.  280). 
Hence,  the  theorem. 

COROLLARY  2.1.   If  (i)  the  assumptions  of  theorem  2.1  hold,  (ii)  F(x)  is  re- 
placed  by  a  sequence  of  cdf's  {F,  n(x)},  where  F,  .(x)  is  symmetric  about  G/n^, 
0  being  real  and  finite,  (iii)  the  function  J  (a/(n+l))  is  the  expected  value  of 
the  g-th  order  statistic  in  a  sample  of  size  n  from  a  distribution  ij/(x),  where 

(2.14)  t(x)  =  t*(x)  -  t*(-x),   X  >  0, 
\|r*(x)  being  symmetric  about  x=0,  then 

(2.15)  l^     o^'  k  f     J^(")  d"- 

The  proof  is  an  immediate  consequence  of  theorem  2.1,  and  therefore  is 
omitted. 

It  is  clearly  seen  how  much  the  proof  of  the  main  theorem  is  simplified  as 
compared  to  the  one  in  [2]. 
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